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1 Question 3: Properties of compound binomial distribution

1.1 s

Assume total annual claims S are modeled by a compound binomial distribution where N ~
B(200,0.001) and all claims are a constant 500. Determine the mean, variance and skewness of S,

and find the probability that S exceeds 600 exactly.

FIAEFEARA SR 81 T 3.1-3.4, fEAGHIG5 0. "NEFRATE B0 — 5 e X 264508
E(S) = E(N)E(X) = 200 x 0.001 x 500 = 100
Pk X B R %500, FTPA Var(X) =0
Var(S) = E(N)Var(X) + Var(N)E*(X)
=200 x 0.001 x 0+ 200 x 0.001 x (1 —0.001) x 5002

= 49950

THESRRE, B8 S = 500X, N:
E[S—E(S)® 500°-E[N — E(N)]®

skew(S) =

Var(S)% 5008 Var(N )%
_EIN-EW)P _ npg(1 - 29)
Var(N) (npg)?
1
0.0893

RS, I =/ 08 ] 3 cumulant moment generating function K15, [A]
W, FATRATAR H, 500X BN X i fw SRR, RO 2 — M 5152 i s
B
a2 Pr(S > 600). AHELEREHNT 600, WIFEEAWABH PR IHSE
Pr(S > 600) = Pr(N > 2)
=1-Pr(N=0)—-Pr(N=1)
=1—(1-0.001)* — (*%)(1 - 0.001)" - 0.001 = 0.01746
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AGEAE ARG, 5 FZRE T E(S) F1 Var(S). /IR )27 b DAl B i 335
Pr > 600, WATRNTRIERRE >, (HRXY A LEEE I T, IS ARG B .

2  Question 5: Panjer’s recursive formula

1E. AMHIVE T EXCEL i, il &EFFM PR A THHEA SR, [HH]
ABHEET RIEFAH, wld AR RS actuar WEE G2, [FE]

21 gl

Total aggregate claims S = X + --- + X are modeled by a compound binomial distribution
where N ~ B(4,q = 1/2)and P(X = j) c jfor j = 1, 2, 3, 4, 5. Determine the mean, variance,

skewness .S and find the exact probability distribution for .S using Panjer’s recursive formula.

X, ME . AR DUGE A BB 81 sk 3.1-3.4 i . B, REAAE
X —Fr. B A=HE m1, my ﬁfn ms. R Pr(X =j) o< jt, DA

Pr(X = j) = — Lo (j=1,234,5)

Yoy 15

B DA B A
5
m = B(X) = Y jP(X =j) =+
j=1

5
my =E (X?) =) j°P(X =j) =15

j=1
5
. 979
ms =E (X%) =) j*P(X =j) = R
j=1

E(S) = E(N)E(X) = ngmy = 7.3333
Var(S) = E(N)Var(X) + Var(N)E?*(X)
=ng (mg - m%) + nqpm% =ngq (mg — qm%) = 16.5556

ngms — 3ng*momi + 2nq3m:{’
2)3/2
1

kew(S) =
shew(5) (ngmse — ng>m

1 gms— 3¢°>momy + 2q3m:1”
SV (gma— m?)
IEANFRAE EURISHER R I, A0 MR T AR e, 152601 Panjer J#@HEA . Fir
5 AT, SR S NIEANERIMERTIT R, HOKm S S ST HERROMER. Hit, R
LYY Panjer 4, BRLNEA —EBHERE R X DB SRR AR Pr(S =0). BEA

oo /2 “IEHFT 1.

= 0.2201
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Pr(X = 0) = 0, JCEUF, R, Bt LA, FOk, B3RS — 0 MBI
BRI S TSR 3

5
Pi(s =0) = Pr(¥ =0) = (3 = 025%
LS Panjer A58, B B AR LA R

T

fs(r)=>_ (a+ ﬁf) fx()fs(r—3j) for r=1,2... M

j=1

R N Wi =W, B 87T, a=—q/(1-q¢) = -1, = (n+1)q/(1—q) =5.
SESKR A, M 1 —FEmE] ro (HEE, SCh L7 HEER L ~ 5, FrPAXF 5> 5, fx(J) =0,
WA, SHEmN4x5=20, ffPAr =20, [HIt, J& Panjer 340 AT {L A :

5

fS(T):Z(lJrij) fX(])fS(r*]) for r=1,2,---,20

Hit, X+ S, ﬁiz
Pr(Szl):<5>1<1—1>-Pr(le)-Pr(S:O)zﬁloxl.m%
Pr(5:2)=<5>2<1—1>-Pr(X:l)-Pr(S:1)+<5;<2—1>-Pr(X:2).Pr(SZO)
— 3.5%
Pr(szs)z<5§1—1>-Pr(le).Pr(S=2)+<5§2—1>-Pr(X:Q).Pr(Szl)
5 X3
< > —1)-Pr(X:3) Pr(S = 0)
~ 5.67%
Pr(S—4)—<5zl—1> Pr(X = 1) - Pr(S = 3) (522_1> Pr(X = 2) - Pr(S = 2)
+<5X3—1> Pr(X = 3) - Pr(S = 1) <5Z4—1> Pr(X = 4) - Pr(S = 0)
~ 8.38%
Pr(S:5):<5>5<1—1> Pr(le)-Pr(S:4)—|—(5>5<2—1> Pr(X = 2) - Pr(S = 3)
) 5 x4

~ 11.82%
HAMMRRTT AR B RL XFE, FRATERESH S e R 5], W NRIIR:



*2: S HRMA S (1] EXCEL 5 R 15:H1)
Pr(S=4) | i« Pr(S=4) | i Pr(S=19)
6.25% 7 8.28% 14 3.12%
1.67% 8 9.44% 15 1.89%
3.50% 9 9.49% 16 091%
5.67% 10 8.09% 17 0.73%
8.38% 11 4.74% 18 0.48%
11.82% | 12 4.78% 19 0.25%
6.25% 13 418% |20  0.08%

o Ul R W N R O,

WEEREME, RARELFTES G FEaman, maf A EE . BOGERT)
[l ] ABA 2 X — 1 i Ik 755EXCEL R AR N8 s X B, FAE— SN IR R
FXTTRE MBI S, XS B AT actuar iXMH 411 R A,
actuarqj,aggregateDlst() BREL AT DA SR 48 e AH I 1) 3R A VB ARLAY , 24 7 k3R recursive
B, BPR{diH Panjer 34>,

# HN\ actuar &1, — ML HA

library(actuar)

# ol X (REABE) o4

# —EEH X H 0 HHME (RWHE)

fx <- 0:5 / 15

# TERH

# recursive, KK Panjer #iE

# MEME (V) 2R —Tiaq (HAETR)

# LV DGR AT B A

# MARBE (X) pAERNA R X

# size f1 prob & pbinom FHF WL, 2ANKREK n fp
Fs <- aggregateDist("recursive", model.freq = "binomial",
model.sev = fx, size = 4, prob = 0.5)

# %% CDF th /A

plot(Fs)

*actuar HOREA RGBSV B A B ESEREMIESTIRE, SRR RRNE, WA



Aggregate Claim Amount Distribution
Recursive method approximation
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# scales WK MEE T A E K
library(scales)

S <- 0:20

# ¥ cdf B—W =255 545

Prob <- diff(Fs)

# WA R/ A dataframe, FHEK I 4
prob_mass_function <- data.frame(S,
percent (Prob,

accuracy = 0.01))

colnames (prob_mass_function) <- c("S","Probability")
# & F LA 5

prob_mass_function

#i# S Probability
# 1 0 6.25%
# 2 1 1.67%
# 3 2 3.50%
## 4 3 5.67%
## 5 4 8.38%
#H 6 5 11.82%
#HT7T 6 6.25%
## 8 7 8.28J
## 9 8 9.44Y
## 10 9 9.49%



## 11 10 8.09%
##H 12 11 4.74%
## 13 12 4.78%
## 14 13 4.18Y%
## 15 14 3.12%
## 16 15 1.89%
## 17 16 0.91%
## 18 17 0.73%
## 19 18 0.48%
## 20 19 0.25%
## 21 20 0.08%

B TR S B ARAILASE, e T AR AT B R ARt S AYII(E . 7 AL :

# S WHME

mean_S <- sum(S*Prob)

# S W=

var_S <- sum(S~2#Prob)-mean_S~2

# S W E

kurtosis_S <- sum((S-mean_S) 3*Prob) / var_S71.5

mean_S; var_S; kurtosis_S

## [1] 7.333333
## [1] 16.55556

## [1] 0.220148
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XA R, e MR EAR T AR R RE . AR 2E, o2
Bk Panjer BV . HHRKZELTFEPATILA A1 :

o TR FACATE P A A T S T . 24 N B R I, N A
BIRALE 87 THABFERAR B K R (R IXEER AR S i, Xe— MR A0, N
ZM A S 88 TH THEOREM 3.2 [ /¥4

o RBESRE S exact distribution, {BARZ [F22 R 45 T /UL R EHRE, X BATRSd T
4

o A /INERAY R 2RI AU VRS & Poisson, FAE TS B AR L .

3 Question 15: Premium, reserve and Poisson approximation

3.1 gl

Total claims S made in respect of a portfolio of fire insurance policies can be modeled by a compound
Poisson distribution where the Poisson parameter is A and the typical claim is X. Let us assume that the
claim random variable X is a 40/60 mixture of claims of type I and II, respectively. Claims of type I are
Pareto (3, 600), while those of type II are Pareto (4,900). Calculate P(X > 400), F(X) and Var(X).
If the security loading of § = 0.15 is used for determining premiums and A = 500, what reserves are
necessary in order to be 99.9% sure of meeting claims? What would be the effect of doubling the security
loading?

Let Y be a Pareto random variable with the same mean and variance as X. What is P(Y" > 400)
? What would be the reserves necessary to be 99.9% sure all claims will be met (from premium income

plus reserves) if we had used Y instead of X in our model?

B Pr(X > 400):
Pr(X > 400) = Pr(X > 400 | Type I) x Pr(Type I) + Pr(X > 400 | Type I11) x Pr(Type II)

3 4
_ (600> 04+ (900> % 0.6 = 0.2242

600 + 400 900 + 400
EHR E(X):
E(X)=E(X |Typel)x Pr(Type I)+ E(X | Type II) x Pr(Type IT)
600 900
= — 4 . =
3_1><0 +4_1><06 300

R Var(X), BERTHERE — M8 R Y-
Var(X) = E(Var(X | Type)) + Var(E(X | Type))

SHREAR LRI RIE, BAARA SOEID. NIRRT, MASIERFITHX 2283, 1155 Pr(S = 3) 5
Pr(S =4) MEAFLT . ZRPHHERLIL, ATRER KUY Panjer iR T2,

2
i+ X ~ Pareto(a, \), f: Fx(z) = < : A ;

)\+x> , B(X) = — Var(X) = CEDECEDE IR ZE R IR
ARG 40-41 T




Hrr,

3 x 6002 4 x 9002
EWVar(X |T =04 0.6 = 216000
(Var(X | Type)) “BoEx@o2) VG xE—2)
A AT _E e i Bernoulli Shorteut
600 900 \?

FibA Var(X) = 216000,

LRSS RS, MEEIE: a8 RES SRS ITE—E, 7 99.9% xR
BHRARIIBIR? 4 U Mifess s, Il froh e M (Security Load) 5 ERIBHIHE .
URAS 104 THi =X 315, W15

99.9% = Pr [S <U+(1+6)E(S)]
E(S ) U+ 0E(S)
\/Var 5’) VVar(S)
U+ 0E(S)
Var(S)
PR BRI S ] T 4 Poisson #5274, A
E(S) = AE(X) = 150000

=Pr

N(0,1) <

Var(S) = AE(X?) = 500 x (216000 + 300%) = 153000000

JIPA, U = 299 9%/ Var(S) —0E(S) = 15724.05883, HH1, 299 g9 Fe i IEAS M1 99.9%
S WSRAREAIEN, Ht U = 200991/ Var(S) — 0'E(S) = ~6775.9412. Jif, &
FHb e, WL R AT 2 RE LA B T B AR T A AL RIS

XY kUL, B X HAMRENSEMNTZE, Hefitamisic:
EY)= ﬁ =300 *)
a? .
Var(Y) = = 1) (@ —g) — 216000 (%)

(¥%) [ (%2, WA 72 =24, f#8 o = 3.42857, EIMfEE N = 728.5714, FrPA:

28.5714 3.42857
Pr(Y > 400) = ( 728.57 > = 0.2230

728.5714 + 400
R, B Y RO X, MREAZN.

HR2, MR Y KA X, BRHERS S A S AT EENIA TS SR T,
HEAET X i—. ZH8, BRY i9—. S X MIE, IBASEHRAHER St
AL

SHI (1 +0)E(S).




3.3 gyorbwdE S HESOEGY

¢ 4: Question 15 4570 hriE (3£ 20 43)
T X KT 400 poAfEA
IR X BI(H
WX W%
T 0 = 0.15 A 4
T 0 BUAE I A 2
it Y B2 4
IHRY KT 400 pofiix
PREATIEUN Y A0 2 5 B BEALAE BN i) 1 4

P
&

T

SRS N N EC R RN

IR SE R A . ERN IR A L AR U Y R AR, I LA
B X W ERET .

4 Question 21: Excess of loss reinsurance

4.1 8

Assume that aggregate claims are modeled by a compound Poisson process and that the excess of
any claim over M is handled by a reinsurer who uses a security loading £ (while the insurance company

uses a loading of # on policy holders). The typical claim X has a Pareto distribution with parameters

(8,0), that is
s’

fx(z) = W
Assume that the annual expected number of claims in this process is A = 300, 8 = 3,0 = 1200, 60 =
0.2 and £ = 0.3. Determine the minimum excess level M * which may be considered by the insurance
company if it is desired that expected net profit is nonnegative, and complete the following table for a

relationship between possible values of M and expected annual net profit.

Retention limit | Expected annual profit

300 *
800 *
* 28406.25

TCEAARASS 116 13 3.17 AEFAILL, (A6 3.17 AU E ARG, DRIk BLA H S R
RS . AR 2 B RIS B EEOR IS, CHREURRORIG: ), ORES AN — DI S22 R 25 AY
M. FERERGED M, WHESREH R AR, & X IREEH, Y = min(X, M) N
RO NRIHI ST, Z = max(X — M, 0) FFLRE R TUE, WX =Y +Z. ik

10



A5 108 Ta 3.18 FI3K 3.19, LREG NI AR T2 PSR PR B, O 22 4B I s i S0 B2 8
R RIS NIE TN FEORIS SO A TR 2%, T4 T RERY PRIS R LI £, WA H BIh
AR
Net Profit = Premium — Reinsurance Premium — Claims
=(1+0)EX)-(1+89E(Z) - EY)
=0E(Y)—-(§-0)E(Z)

SRS,
E(Y) €0 _¢

E(Z)” 0 0
A 43 A& Pareto 43447, i Pareto 437 XA — A AER IR0 (WLIRAREE 39 1) :

A “ A \° A+ M \“
PX>Mtz[X>M)= (>\+M+> /<)\+M> = <>\+M+>
Wi, YT X ~ Pareto(a,\), & W ~ (X — M)|[X>M], W W ~ Pareto(a, \ + M),
I T A S A 4R ) W HEE -
E(Y) [ wdFx(z)+ MFx(M)
E(Z) [y (x—M)dFx(z)
_ B(X) — [« — M)dFy(z)
Jaf (@ — M)dFx ()
_ B(X) - Fx(M)E(W)
Fx(M)E(W)

5 s \P/s+M
B—l_<5+M> (B—l)

(1M . 1
B 5

>¢£/0—1
RS T Pareto MRRITEZ LT, REAAZHRS . I, @ EiAASEA, albA

PR
e\ /b
(6

) _1], B R A S P B A R M, FRATT S MY =

/

() (57)

S MF = 6 (g
269.6938,
A R ETR M ORI A Z (R K AR . R TR SR,
Ezxpected Net Profit per Claim = (1+0)E(X) — (1+ & E(Z) — E(Y)
— 0B(X) - €B(2)
— 9B (X) — EFx (M)E(W)

1200 1200 \® 1200+ M
=02x —— —0. X
3-1 1200 + M 3-1
259200000
=120 -
(1200 4 M)2

11



R R R IR AR £ Poisson AL, Fir A

259200000
Expected Annual Profit = \ x {120 B (1200+J\4)2}

259200000 ]

=300 [120 — 0
[ (1200 + M)?

Hitt, (EAE S R R U R
A S RIS M 5 A BRI Z T8 8 &

Retention limit | Expected annual profit

300 1440
800 16560
2000 28406.25

4.3 gyorbedE SHEOEOY

F% 6: Question 21 4543 hnifE (3£ 20 %)

IR SHE
25 BN R SR AE  h 3
2 Y R Z AR AR R A A 3
IR M 2
2y M S UIAE A Z [R]85 3
RIS [P i 3 9 (—1347)

AFBRATAE (R )AL T

5 Question 23: Individual risk model, LEV and stop-loss reinsurance

1B, AV T2 Le(M) Mgy RIS, mlild &g R fl— . [Hi
ARHE T L' 0 RIESAR, 1l A2l ST s . [

51 gt

In Example 3.11 total claims S arising from accidents of employees in a large factory were mod-
eled by an individual risk model with mean F(S) = 33,000 and variance Var(S) = 35,151, 000.
Approximating this distribution by a normal distribution with the same mean and variance, plot the lim-
ited expected value function Lg(M). The insurance company is presently using a security loading of
0 = 0.37, and is considering stop-loss reinsurance with stop-loss level M. Determine the minimal values
of the stop-loss level M which should be considered to ensure expected profits are nonnegative when the

stop-loss premium loading & of the reinsurer is both 0.5 and 0.7 .

12
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A 117 1, A TAREEAS, JELEV -
M
Loy (M) = / rd(a)dz + ML — (M)
— (M) + M[1 - B(M)] @)
th, (M) il D(M) 4 RARIE A 4070 MO R BB T A, S 114 7, 7]

o

M—b
LaXer(M) = CLLX <CL> +0b (3)

ATPABE 1 = 33000, 0® = 35151000 [ IEZS AT A p AR KU ST R BEF I B . —
ISR AT AR N TN 1+ o N (0,1) BB, RRA@MG) AR5

. M
LSUW)ZZULNmJ)(JM>‘+M

— —o¢ (M_“> Lo Mon [1—<1><M_“)] tu
g o o
H R 5 EXCEL # ] DAfR 7 i th ik Lo(M) iEIMG, FRAEFEHET R AR, KRR ABKE
AWK T . FHEER THAZE R AN, &%, TmE X TR, HFENLEV

BRI -

# ARSI LEV B&
LEV.normal <- function(mu, sigma, M) {
# ¥ (M-mu)/signe WH—NFHTE, FEERDENERE
Normalized <- (M - mu)/sigma
# B LEV thEH R
lev <- - sigma * dnorm(Normalized)
+ sigma * Normalized * (1 - pnorm(Normalized)) + mu
return(lev)
}
# RN mu, sigma fa—8 M, RE—|HE
mu <- 33000
sigma <- sqrt(35151000)
M <- seq(from = 0, by = 100, length.out = 1000)

LEV <- LEV.normal(mu = mu,sigma = sigma,M = M)

HE, WA plot B geplot2 W4l LEV s & KR, AIDAE ., LEV KA
PRI, HEEE M AR, LEV RBULP ALK, Foytn RiriiR o2 4k% /], LEV
PREGIUSE T E(S).

13



# ERAREEY plot BEHTLHA

# AT ¢z oy

# KR KN (cex) %A 0.1, Bib#&iH
plot(M, LEV, cex = 0.1)

o
o

o —
[Te]
N
-

2 8-
—
o

o _|
o
Te)

o -

I I I I I I
0e+00 2e+04 4e+04 6e+04 8e+04 le+05
M

library(ggplot2)

result.frame <- data.frame(M, LEV)
ggplot(data = result.frame, mapping = aes(x = M, y = LEV))+

geom_line ()

30000 -

20000 -

Ls(M)

10000 -

o-

' ' ' '
25000 50000 75000 100000

2 SRR TR R RIBRIRR ), Sr ARG Pl ORI ORI RIS 7 o X



TORBE AR, I 2 OR 9 080 25 FOR I 2 IR R 2R -
Net Profit = (1 +0)E(S) — (1 + &)E(Sg) — E(Sr)
=0E(S1) — (£ —0)E(SRr)

AREARSA, A E(S1) /E (Sr) = Ls(M)/[E(S) — Ls(M)] = £/0 — 1, thl:
Lg(M) > (1 - Z) E(S)
MRS AR, 5. HIRA 117 HEIE FRAL, IR

Ls(M) = oLy (MU_ “) = (1 - g) E(S)

. 0
S Lo,y = —557 R E]

* -1 po
M™=ptolyoy <_o—5>

M6 = 0.5 1, L;Vl(o’l) = —4.118854, M* = 8580.025; 4 & = 0.7 i, L;,l(o,l) = —2.941572,
M* = 15559.92,

Fmgg B R AR %, HEH LN(0 py e PRHBER PG . N Lo,y KIAHH

SO RS MRE, XERERNINESR SRR AR, HEEH
ﬁﬁ%,nb%%&LL@o&ﬁ1TRﬁﬂﬁ%L]n REA] AR X — G A0 T 32
20 TFIEER TRk

ER W, F—MEHERG AR, 4428 optim, HFPATHE—ITE £ Jork$m) e/ MH
DA S HUAS S5/ IMELR pR R A S U . BRAE IR E — R AL

gUW)zz[LNmJﬂﬂf)_'<_5g>]

IR e MEDE 0, R, WEPRFEW KBS g(M) HUSH/ME 0 i M, FA TR
ST XEREI Lo gy SSBE, — MR REIY ) R f Sy — A T

# #l1E LEV B¥

LEV.standard.normal <- function(M){
lev <~ - dnorm(M) + M *(1 - pnorm(M))

return(lev)

}

# ETHAZH

mu <- 33000

sigma <- sqrt(35151000)

theta <- 0.37

xi <- 0.5
# BT B AR &£t LX) = - mu / sigma * theta / x4
LX <- - mu / sigma * theta / xi

WEEFELHKME optim KA

SEXCEL [ i : C AL b X0 318 P kA, R ZAT AT — R Bk R iR«

15



f <- function(X){
X BRI T - TREANERK
# optim ik B AT B # & ML
# WMRAF T RAERESENE, REREEELER
(LEV.standard.normal (X)-LX) "2

TEALAL PR R, WME ORI 2R AR PR e R B, 2 € = 0.5 G R —fgjv

—4.11886. JWISWALURA 119 [ Figure 3.6 (WIFEFIR) . AT LARMIBWIE Ly, ZH —4
28, B, FRATATDAYE optim BRELPALE M B9 ERRAITRR, $em Akl st

Limited expected value function for N(0,1)

Policy excess level M

Pl 2: BifE LIRS0 1 LEV R

# RRAME. . R#fR R R
result <- optim(-4, f,

method = "Brent",

lower = -6, upper = -4,

control= list(maxit = 1000))

# JFHiRbe M

M <- mu + sigma * result[["par"]l]

M

## [1] 8580.025

16



5.3 ysrkadk SO

AR R A RE AR . AR AL B M 19Rikat, 41240 B
PR, 416 575 T2 LEV BRI, 20 4 (AIETAEG).
6 AL ES,

AU ST, A AT

% T2 BRIME A KL -1 73

B | A | &3 (AR R EYE)
3 1 15 13.24
5 | 25 13.40
15 | 20 15.00
21 | 20 15.70
23 | 20 12.41
B4y | 100 69.76

ARUMAF IR GRS 5 8, W2 124475 > Panjer i3, X2 IR A

17
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